We use the stellar evolution code MESA to study dark stars. Dark stars, which are powered by dark matter self-annihilation rather than by nuclear fusion, may be the first stars to form in the history of the Universe. They may live for millions or billions of years. We compute stellar models for accreting dark stars with masses up to 10 6 M ⊙ . While previous calculations were limited to polytropic interiors, our current calculations use MESA, a modern stellar evolution code to solve the equations of stellar structure. The heating due to dark matter annihilation is self-consistently included, assuming extended adiabatic contraction of dark matter within the minihalos in which dark stars form. We find remarkably good overall agreement with the basic results of previous models. There are some differences, however, in the details, with positive implications for observability of dark stars. We found that, in the mass range of 10 4 − 10 5 M ⊙ , using MESA, our DSs are hotter by a factor of 1.5 than those in Freese et al.(2010) , are smaller in radius by a factor of 0.6, denser by a factor of 3 -4, and more luminous by a factor of 2. The higher luminosities we find improve the prospect of observing dark stars in upcoming observations using the James Webb Space Telescope. Our improved models also confirm previous results, according to which dark stars are very well approximated by (n=3)-polytropes. Earlier findings on the properties of supermassive dark stars have thus turned out to be robust. We also perform a first study of dark star pulsations. Our dark star models have pulsation modes with timescales which range from less than a day to more than two years in their rest frames, at a redshift of about 15, depending on DM particle mass and overtone number. Such pulsations may someday be used to identify bright, cool objects uniquely as dark stars; if properly calibrated, they might, in principle, also supply novel standard candles for cosmological studies.
INTRODUCTION
The first stars are thought to form at redshifts of z ∼ 15 − 50 inside dark matter (DM) minihalos of mass ∼ 10 6 − 10 8 M ⊙ which consist of 85% DM and 15% baryons, mostly in the form of hydrogen and helium from Big Bang nucleosynthesis. The formation of the first stars is currently a hot topic in astrophysical cosmology. For more on the standard picture of the formation of the first stars, see, e.g., Barkana & Loeb (2001) ; Abel, Bryan & Norman (2002) ; Yoshida et al. (2003) ; Bromm & Larson (2004) ; Alvarez, Bromm & Shapiro (2006) ; Ahn & Shapiro (2007) . Up-to-date reviews can be found in Bromm (2013) and Glover (2013) .
Early investigations largely neglected the impact of self-annihilating DM on the chemistry and physics of primordial protostellar clouds, and hence on first star formation. The canonical DM candidates, weaklyinteracting massive particles (WIMPs), in many theories, are their own antiparticles and able to annihilate with one another. This annihilation process in the early Universe may leave the correct relic abundance today; and in addition is important wherever the DM density ρ χ is high (the annihilation rate scales as ρ 2 χ ). The formation of the first stars is expected to be particularly affected by this process, since they form at high redshifts (ρ χ ∼ (1 + z)
3 ), and in the high-density centers of DM minihalos. Spolyar, Freese, and Gondolo (2008) first considered the effect of DM particles on the first stars during their formation. They found that, above a certain baryonic density threshold (the value of which depends on the DM particle mass) heating by DM annihilation will come to dominate over all cooling mechanisms. Subsequently, the protostellar cloud will continue to contract, albeit at a slower rate, and eventually, above a certain baryonic density threshold (again depending on the DM particle mass), DM annihilation products remain trapped in the star, thermalize and provide a heat source for hydrostatic equilibrium: a dark star is born. These first dark stars (DSs) are made primarily of hydrogen and helium, with less than 0.1% of the mass in form of DM. Nevertheless, they shine due to DM heating, not fusion, and so the term 'dark' refers to the power source, and not the appearance or the primary matter constituent. Subsequently, and Spolyar et al. (2009) studied the evolution of DSs from their inception at ∼ 1M ⊙ , as they accreted material from the surrounding halo, up to ∼ 1000M ⊙ . They showed that DSs are giant, puffy (∼ 10 AU), cool (T eff < 10000 K), and bright (> 10 6 L ⊙ ) objects. Since their surface temperatures never exceed values which are high enough to trigger feedback mechanisms, which would shut off further accretion (see Tan & McKee 2004) , dark stars can in principle grow as long as there is a supply of DM fuel. Indeed, Freese et al. (2010) followed the growth of DSs to become supermassive with masses in excess of 10 5 M ⊙ . These supermassive DSs are extraordinarily luminous, L ∼ 10 9 − 10 11 L ⊙ , and may be observable using upcoming facilities (see Freese et al. 2010; Ilie et al. 2012) .
The WIMP annihilation rate is n 2 χ σv where n χ is the WIMP number density and we take the standard annihilation cross section σv = 3 × 10 −26 cm 3 /s,
and WIMP masses in the range m χ = 10 GeV − 1 TeV. WIMP annihilation produces energy at a rate per unit volumeQ
where ρ χ is the WIMP mass density. We note the dependence of the DM heatingQ DM ∝ σv /m χ , so that by studying a wide range of WIMP masses we are effectively studying a comparable range of annihilation cross sections.
The annihilation products typically are electrons, photons, and neutrinos. The neutrinos escape the star, while the other annihilation products are trapped in the dark star, thermalize with the star, and heat it up. The luminosity from the DM heating is
where f Q is the fraction of the annihilation energy deposited in the star (not lost to neutrinos) and dV is the volume element. We take f Q = 2/3 as is typical for WIMPs. Spolyar et al. (2009) and Freese et al. (2010) consider two mechanisms for supplying DM 'fuel'. One is gravitational contraction in which DM is supplied by the gravitational attraction of baryons in the star. We label this mechanism AC for adiabatic contraction, the technique that allows us to calculate the resultant DM density inside the star. This is a generic process, and is expected to occur in the halos in which DSs form. In Freese et al. (2009) , it was shown that the choice of initial DM profile, as well as details in the assumption of the DM orbits involved, are not crucial, and the effect prevails. Spolyar et al. (2009) found the following approximation on how the DM density follows the (baryonic) gas density n h , namely
In this paper, we implement AC, following Spolyar et al. (2009) and Freese et al. (2010) , using the Blumenthal method (Blumenthal et al. 1986 ).
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The second mechanism refers to replenishing of DM inside the star by capture of WIMP DM from the surroundings as it scatters elastically off of nuclei in the star, see Freese, Spolyar & Aguirre (2008); Iocco (2008) . This elastic scattering is the same mechanism that is searched 1 We do not use the simple formula given in Eqn.(4).
for in direct WIMP detection experiments. In both fueling mechanisms, the final stellar mass is driven to be very high (with and without capture), and while DM reigns, the star remains bright but cool. The DSs growing via WIMPs captured via elastic scattering are hotter and denser than the ones formed via AC alone. In this paper we restrict our studies to WIMPs gravitationally brought in via AC alone and do not consider captured DM.
The main focus of this paper is to improve upon the modeling of the stellar evolution of dark stars. The calculations of ; Spolyar et al. (2009); Freese et al. (2010) were based on the assumption of polytropic stellar interiors. More precisely, as soon as dark matter heating becomes important (M ∼ 1 − 10M ⊙ ), dark stars were built up by accretion of their surrounding material, while an iterative procedure ensured that polytropic equilibrium configurations were found along the evolutionary sequence.
In this work, we will be using, instead, a fully-fledged 1D stellar evolution code, MESA 2 , which allows us to solve the stellar structure equations self-consistently, without any a priori assumptions on the equation of state, or other stellar characteristics.
In addition, we are able to study deviations from equilibrium, particularly oscillation modes and the question of DS pulsations. We accomplish this at the expense of neglecting some physical effects in this work. While we do implement extended AC and DM heating selfconsistently, we do not include DM capture, nor nuclear burning, in contrast to Spolyar et al. (2009) and Freese et al. (2010) . However, now that we are comfortable that our newly implemented module in MESA is working successfully to study the physics of DSs, work is in progress to include those effects in a future publication.
There have been some recent critiques of the idea of dark stars. While a full response is not appropriate here, we will mention a few points. First, Ripamonti et al. (2010) and Smith et al. (2012) have performed simulations of collapsing protostellar clouds and noted that, for the case of 100 GeV WIMPs, the collapse continues past a hydrogen density n h = 5 × 10 14 cm −3 , which is the limit of their simulations; indeed we agree that the cloud continues to collapse past this point and we find that the initial dark star forms at a hydrogen density n h ∼ 10 17 cm −3 (see Gondolo et al. 2013 ). Second, concern has been addressed in Stacy et al. (2014) that the DM accessible to the DS at the centers of minihaloes may run out. However, at least half of the dark matter orbits come in from far outside the small region near the halo center that is studied in the simulations; these dark matter particles do indeed continue to replenish the DM required for DSs to grow. This second point will be addressed in an upcoming paper, Freese & Rindler-Daller, in prep . Third, it is not known whether or not the first stars fragment, given the limited resolution of current simulations. Here, we will assume that, whether there is fragmentation or not, there is stellar material remaining close enough to the center of the minihalo for DM heating to play a significant role. Also, it should be stressed that a realistic treatment of the effect of DM annihilation energy injection into the primordial protostellar gas is still warranted. Current simulations adopt prescriptions which are valid only for much smaller particle energies than those expected to be released in the energy cascades upon WIMP decay.
TREATMENT OF STELLAR EVOLUTION
The stellar evolution calculations in this paper were performed using the open source software package MESA ("Modules for Experiments in Stellar Astrophysics") (Paxton et al. 2011) . This flexible and state-of-the-art 1D evolution code can be used to treat a wide variety of problems, from main sequence evolution, to the red giant and asymptotic giant phases, and finally to the white dwarf phase. Additionally, it can be applied to models which are accreting or losing mass. Lately, MESA has been significantly updated and advanced in its capabilities to model the evolution of giant planets, low-mass stars, massive stars, along with additional stellar features such as rotation and asteroseismology (Paxton et al. 2013) . MESA is regularly upgraded, as a result of continuous feedback by the community of MESA users and their differing scientific needs. In fact, the distinctive physics of rapidly growing dark stars in a primordial environment is one example of a problem that can easily challenge a stellar evolution code, which may otherwise be optimized to the more standard evolution of stars in our local Universe. We performed many tests, using different initial stellar masses and parameters intrinsic to the nature of the dark matter and DM halos, in order to ensure that our results are robust.
In MESA, material which is accreted is set to have the same entropy as the surface layers of the model. Thus, accretion does not directly heat the surface. This is consistent with a physical picture in which material passes through an accretion disk, gradually radiating away the gravitational energy of its infall. By contrast, spherical accretion involves the formation of a shock front at the stellar surface, which increases the entropy of the accreted material and heats the surface layers. By examining both mechanisms for the growth of massive protostars, Hosokawa et al. (2010) find that their models converge to the same radii and temperatures as a function of mass for masses 40M ⊙ . In addition, given the larger radii of our models, the gravitational energy release of any infalling matter should be even less important. For these reasons, we use the default prescription in MESA for accretion.
DM annihilation provides a powerful heat source in the first stars. As long as the central temperature of a star in equilibrium is below the onset of nuclear fusion, DM heating will be the only heat source in that star, solely responsible for its luminosity. We shall clarify here some terms: In the initial contracting phase of a protostellar cloud, heat is released by means of gravitational contraction which is given by the Kelvin-Helmholtz time scale of the protostar. Usually, this whole process by which the newborn star settles into a quasi-equilibrium up to the final onset of nuclear burning in the star's center is called the pre-main-sequence phase. In the absence of dark matter heating, this phase usually lasts much shorter than the main-sequence phase of nuclear burning.
In the presence of dark matter heating, however, dark stars can accrete substantial amounts of mass and yet stay cool enough for nuclear fusion to be delayed; we are confirming this scenario in this paper. In fact, in accordance with Freese et al. (2010) , we find that dark stars residing in the centers of their host halos can grow to supermassive size of 10 4−6 M ⊙ , and this process can take 10 5−9 years, depending on the accretion rate, and assuming a continuous fuel of DM is provided. Once the DM fuel runs out, the supermassive dark star may run through a rapid sequence of changes, whereby it shrinks, seeking for a new equilibrium, until the central temperature is high enough for fusion to start. A fusion-powered star that massive, however, can not survive for long, and the dark star may collapse to form a massive black hole soon after. Indeed, this way DSs could provide a compelling cause for the early formation of supermassive black holes, which have been observed in the centers of galaxies in the local, as well as in the high-redshift Universe. Thus, massive dark stars spend most of their lives in the pre-fusion phase, and hence the term 'pre-mainsequence' phase is a misnomer in the case of dark stars. Therefore, we will try to avoid this term, noting, though, that the preparation of the initial conditions in MESA are accomplished with a module of that name (see also the next subsection).
Initial conditions
In MESA a new evolution can be started by creating a 'pre-main-sequence model' upon specifying the mass, a uniform composition, a luminosity, and a central temperature T c low enough to prevent nuclear burning. For a fixed T c and composition, the total mass depends only on the central density, ρ c . An initial guess for ρ c is made by using an n = 3/2 polytrope, appropriate for a fully convective star, although MESA does not assume that the star is fully convective during the subsequent search for a converged pre-main-sequence model. Instead, MESA uses its routines for solving the equations of stellar structure, equation of state, and MLT for the treatment of convection in order to search for a ρ c that gives the model of the desired mass. That initial guess may not be optimum for dark stars, but our MESA models tend to converge quickly towards equilibrium sequences.
In light of the comparison of our results with previous polytropic models of supermassive dark stars, we use the same parameters for the halo environment as in Freese et al. (2010) . According to their choice, we consider models of dark stars which are accreting matter at a (constant) rate ofṀ = 10 −3 M ⊙ yr −1 in a host minihalo of 10 6 M ⊙ , forming at a redshift of z = 20, as well as at a higher rate ofṀ = 10 −1 M ⊙ yr −1 in a larger host halo of 10 8 M ⊙ with a formation redshift of z = 15, respectively. As our terminology throughout the paper, we use
For both halo masses, we choose a fraction of 15% baryons and 85% DM and a concentration parameter fraction of 0.76. For models with WIMP masses higher than m χ = 10 GeV, we choose an initial stellar mass of 2M ⊙ . For models with m χ = 10 GeV, we need higher initial masses to converge. In those cases, we chose an initial mass of 5M ⊙ .
EVOLUTION OF SUPERMASSIVE DARK STARS
We explore three different values of the mass of the dark matter particles, 10, 100, and 1000 GeV, and for each we compute a sequence of DS models starting at 2M ⊙ (or 5M ⊙ ) and ending at over 10 5 M ⊙ for the minihalo ('SMH'), and 10 6 M ⊙ for the larger halo ('LMH'), respectively 4 . Some comments are in order here before we proceed to show the results. The protostellar accretion rate can be estimated from the free-fall timescale of the Jeans mass of the gas, aṡ
i.e. accretion rates are substantially higher in the hotter primordial star formation clouds, compared to those in the present Universe, which have more efficient ways of cooling. The above choice of values forṀ is related to the adopted size of minihalo, since the ambient temperature is expected to be higher in larger minihalos, leading to higher accretion rates. It shall be emphasized that values ofṀ in excess of 10 −3 are actually very high, and present a challenge to the numerical capabilities of stellar evolution codes. In fact, after initial difficulties, we were able to calculate models with accretion rates ≃ 10 −1 , using an upgraded version of MESA. All calculations in this paper have been performed using release 5596 of MESA.
In Fig. 1 , we show the location of our model sequences in the Hertzsprung-Russell diagram for each halo environment. The tracks are monotonic, once the star settles into a quasi-static equilibrium. Since the dark matter heating is proportional to 1/m χ (see Eqn. (2)), we obtain different tracks for different particle masses. The heating in the m χ = 10 GeV models is the largest, so these models have more pressure support and are therefore larger: at constant luminosity these models have cooler surface temperatures. In contrast, the m χ = 1000 GeV models have less heating and are therefore smaller: these models are hotter at fixed luminosity. We summarize some key stellar properties for every decade of mass growth in Table 1 and Table 2, respectively. Figures 2-4 show a comparison of the evolution of different stellar characteristics, depending on the accretion rate. Unsurprisingly, for a given age the DS is more massive at higher accretion, the M ⋆ -Age relationship is simply linear in a log-log plot, once the star settles into hydrostatic equilibrium (since we assume a constant DM fuel supply). For a given DS mass, the low-accretion environment will produce stars of smaller radius, higher density and higher surface temperatures. This is true, regardless of the value for the DM mass. As our dark stars grow, they acquire radiationdominated, weakly convective envelopes. These regions often have large superadiabatic gradients, which can lead to slow convergence and other numerical difficulties. It is an open question whether additional physical instabilities occur in the star which act to limit this superadiabaticity. Our approach is to use MESA's MLT++ routines to partially suppress this superadiabaticity (see Paxton et al. 2013 , for more details). In this way, we allow the code to adjust the steep temperature gradient closer to its adiabatic value. For our calculations, too high a degree of superadiabaticity leads to numerical instabilities, preventing the growth of models beyond about 10 4 M ⊙ . We searched for a reasonable choice of parameters which, not only allowed us to grow DSs beyond that limit, but also reduced numerical artifacts caused by superadiabaticity (see also Sec. 4). For instance, the bump in the radius at ∼ 100M ⊙ for the 1000 GeV WIMP case in Fig. 4 is caused by the sharp transition of the envelope from subadiabatic to superadiabatic. The MLT++ prescription limits this superadiabaticity, and this reduction in the temperature gradient leads to a decrease in radius. Once the model settles into a new equilibrium, the radius continues its growth. Similar behavior is found for all models in the mass range of 100-1000 M ⊙ . This transition, however, becomes less dramatic for smaller DM mass, as can be seen in Figs. 2 and 3. In general, the rough features in these figures are similar numerical artifacts.
In Figure 5 , we plot the luminosity at a given radius -Evolution of dark stars in a host minihalo of mass 10 6 M ⊙ (small minihalo -SMH) with an accretion rate ofṀ = 10 −3 M ⊙ /yr (left-hand plot), and evolution of dark stars in a host minihalo of mass 10 8 M ⊙ (large minihalo -LMH) with an accretion rate oḟ M = 10 −1 M ⊙ /yr (right-hand plot), respectively, for WIMP masses of 10, 100 and 1000 GeV. The highlighted dots on the tracks correspond to the benchmark values of the dark star mass, according to Table 1 and Table 2 , respectively. The calculations assume extended adiabatic contraction and no significant depletion of dark matter due to annihilation. Dark matter capture is not considered. In each case, the DM particle mass is mχ = 100 GeV. DM particle mass mχ = 10 GeV; Middle row: mχ = 100 GeV; Bottom row: mχ = 1000 GeV. In all cases, radiation dominates as the energy transport mechanism throughout most of the interiors of the models. L(r) and fraction of convective luminosity L c (r), as a function of stellar radius, for dark stars with 10 5 M ⊙ . L c (r) is the luminosity at a given radius within the star contributed by convection, i.e.
where L rad (r) reflects the part due to diffusive radiation transfer. We can see that the fraction due to L c (r) is important in the centers and at the very edge of the stars, while L rad dominates throughout most of the interior. Thus, supermassive dark stars are mostly dominated by the radiative transfer of energy, regardless of DM mass or accretion rate (see also Sec. 4). The importance of L rad increases with DS mass. We also look at the distribution and amount of dark matter within dark stars. To this end, we compile plots of the gas (i.e. baryonic) and dark matter density profiles for our fiducial 10 5 M ⊙ DS, for different halo environments and DM particle masses in Fig. 6 . The mass density in DM is roughly three orders of magnitude below the one for the baryonic mass density, showing how subdominant DM is compared to baryonic matter. The shape of both density profiles as well as their absolute magnitude agrees excellently with the results in Fig. 3 , -Profiles of gas and DM density within a DS of 10 5 M ⊙ for different halo environments and DM particle mass, as indicated in the legends of the plots. In all cases, the DM density is roughly three orders of magnitude below the gas density. SMH and LMH are as defined in Eq.(6). case 1, of Spolyar et al. (2009) , for DSs solely powered by DM heating (i.e. no fusion included), as is the case for our models. The shape of our density profiles is independent of the other parameters (halo and DM particle mass), while the densities are higher for the low-accretion environment (SMH) at fixed DM particle, or for higher DM particle mass at fixed halo environment (in agreement with the plots of the central density in Figs. 2-4) . As an illustrative corollary to these results, we show the cumulative mass profiles for SMH and m χ = 100 GeV in the left-hand plot of Fig. 7 . We can see that, for a DS with 10 5 M ⊙ , the mass in DM only amounts to roughly 20M ⊙ , or 0.02% of the total mass. The right-hand plot of this same figure, on the other hand, shows how the amount of DM heating, as defined in Eqn.(2), follows the DM density profile within the DS.
COMPARISON TO POLYTROPIC MODELS
In this section, we present a detailed comparison of our results obtained using MESA with the polytropic models of Freese et al. (2010) . We first point out that polytropes do indeed provide rather good approximations to true stellar models. However, there are some important differences when we turn to results that may impact observability.
First we examine the case of SMH as defined in Eq.(5). A comparison of the main stellar characteristics summarized in Table 1 with those in Table 1 of Freese et al. (2010) shows that, in the mass range of 10 4 − 10 5 M ⊙ , our DSs are hotter by a factor of 1.41 − 1.51 than those in Freese et al. (2010) , are smaller in radius by a factor of 0.64 − 0.69, denser by a factor of 3.00 − 3.41, and more luminous by a factor of 1.87 − 1.96. Thus, the overall colors of our DSs are not very different from the previous models, while our luminosities and central densities are significantly higher.
Next we examine the case of LMH as defined in Eq.(6). Dark stars in larger minihalos are able to accrete more baryons and dark matter, and hence can grow more massive than in small minihalos. A comparison of the main stellar characteristics of our Table 2 with Table 3 from Freese et al. (2010) reveals that the change in those parameters is consistent with the previous results: in the mass range of 10 5 − 10 6 M ⊙ , our DSs are hotter by a factor of 1.45 − 1.67 than those in Freese et al. (2010) , are smaller in radius by a factor of 0.60 − 0.62, denser by a factor of 3.46 − 4.85, and more luminous by a factor of 1.98 − 2.19.
A closer examination of the stellar structure reveals further interesting comparison between the results of MESA and those assuming polytropes of Freese et al. (2010) . First, we focus on the pressure distribution within the star. Assuming a polytropic law, P/P c = (ρ/ρ c ) 1+1/n eff with the central pressure P c and central density ρ c , we solve for n eff ,
In the case of exact polytropic models, n eff is simply the usual polytropic index, ranging between n = 0, .., 5. Radiative stars are well approximated by (n=3)-polytropes, and dark stars more massive than a few hundred solar masses have been found to follow (n=3)-polytropes to a good extent for much of their stellar interior (see Spolyar et al. 2009; Freese et al. 2010) . It is thus instructive to plot relationship (9) for our MESA models, in order to see which parts of the stellar interior, for a given dark star mass, are well approximated by (n=3)-polytropes. For m χ = 100 GeV, those results can be found in the top row of Figure 8 . We can see that for supermassive DSs the effective polytropic index is, indeed, remarkably close to n = 3 for most of the stellar interior, in accordance with Freese et al. (2010) . Again, the 'bump' close to the surface for the 10 4 M ⊙ model is caused by the high superadiabaticity gradients, which develop at masses above 100M ⊙ , but decrease again for higher stellar masses, as is evident in the curve for the 10 5 M ⊙ model. In the mass range 100-1000 M ⊙ , very inefficient convection with large superadiabatic gradients develops in the envelopes of these models. While the effective polytropic index of low-mass DSs with about 10 − 20M ⊙ is close to n eff = 3/2, this value steadily increases to above n eff = 2 for more than 100M ⊙ . The numerical signature of our MLT++ prescription limiting the superadiabaticity happens when L c ∼ L rad , while n eff continues to approach the value of 3 for increasing DS mass. Then, L rad becomes increasingly important. The corresponding proximity to (n=3)-polytropes is further illustrated in the bottom row of Figure 8 , where we compare the radial run of the DS total pressure of our MESA results with polytropes of indices n = 3/2, n = 3 and n = 4. Except for close to the surface, the pressure of our MESA models lies basically on top of the (n=3)-polytrope, showing again that supermassive DSs can be very well approximated by (n=3)-polytropes. We note that also in Freese et al. (2010) , an interpolation between n = 1.5, .., 3 was necessary for DSs beyond a few 100M ⊙ . It is remarkable that we find the same behavior using MESA, given its capability to draw on elaborate equation-of-state tables.
Focusing again on the top row of Figure 8 , we can see that the curve for the 10 5 M ⊙ model has a 'spike' near the center. This deviation from a clean polytropic model is caused by the substantial release of heat due to the DM annihilation. In the middle row of Figure 8 , we plot the differential change in luminosity, as a function of radius, i.e. dL dr
(see Eq. (3)). One can see that the 'spike' in the effective polytropic index in the top panel coincides with the location of the maximal change in luminosity in the middle panel of the figure. The absolute values of dL/dr increase with increasing DM particle mass, since DSs are smaller and hence denser for larger DM particle mass (see also Figs. 1 and 6 ). The higher DM densities boost dL/dr, in log P (MESA) log P (poly, n=3/2) log P (poly, n=3) log P (poly, n=4) 9), as a function of radius. The sharp drop at high r corresponds to the surface of the star. The spikes close to the center are caused by large luminosity gradients, see middle row. Middle row: Luminosity gradient due to dark matter heating, as a function of radius. Bottom row: Dark star pressure as a function of radius: comparison of MESA's results with polytropes of index n = 3/2, n = 3 and n = 4, assuming the same central pressure and density. The respective halo environments (SMH, LMH) and DS masses (10 4 , 10 5 M ⊙ ) are indicated in the legends of the plots. In each case, the DM particle mass is mχ = 100 GeV. We can see that supermassive dark stars can be very well approximated by (n = 3)-polytropes.
turn.
In order to illustrate the robustness of the above results, we also show the corresponding plots for the cases of m χ = 10 GeV and m χ = 1000 GeV in Figs. 9 and 10, respectively.
ADIABATIC PULSATION PERIODS
An interesting question of DS astrophysics is the possibility of pulsations. If DSs are found to pulsate, this would represent yet another observational distinction to other objects at high redshifts. While supermassive DSs are mostly dominated by radiative transfer, as described in Section 3 and 4, we can see from Fig. 5 that L c (r)/L(r) 0.1, i.e. convection is not completely absent in supermassive DSs. Equivalently, looking at the square of the Brunt-Väisälä frequency defined as
with Γ 1 ≡ (d ln P/d ln ρ) ad , we find that it is negative throughout most of the DS interior, implying convective instability. We therefore do not expect to find gravity modes ('g-modes') in supermassive DSs. log P (MESA) log P (poly, n=3/2) log P (poly, n=3) log P (poly, n=4) On the other hand, acoustic modes, or p-modes, could be present in DSs. We calculated the adiabatic pulsation periods of radial modes (i.e. those for which l = 0) with different overtone number n, where n = 1 is the fundamental ('breathing') mode, and n > 1 are higher overtone modes 5 . Figure 11 shows the rest-frame pulsation periods for DS masses covering the whole range of ∼ 10 − 10 6 M ⊙ . We see that the n = 1 modes disappear above DS masses of around 100 M ⊙ . We believe this is due to the change in energy transport for convection log P (MESA) log P (poly, n=3/2) log P (poly, n=3) log P (poly, n=4) In Table 3 and Table 4 , we give a more detailed list of the corresponding pulsation frequencies and periods for supermassive DSs in the range 10 4 − 10 6 M ⊙ for the m χ = 100 GeV WIMP case. In this case, the pulsation periods lie in a range between 8 days and more than 2 years in the rest frame of the DSs. When converting to the observer's frame, one needs to multiply the periods by a factor of (1 + z ⋆ ), where z ⋆ denotes the redshift at which the DS under consideration has acquired its final mass. The time frame for this can vary tremendously, depending on the accretion rate (see left-hand upper plot in Figs. 2 to 4) . This is independent of DM particle mass, however. A DS with 10 5 M ⊙ has an age of about 10 8 yrs in a low-accretion rate environment (SMH), in contrast to an age of about 10 6 yrs in the high-accretion rate environment (LMH). For a ΛCDM cosmology, this corresponds to redshifts of z ⋆ ≃ 14.63 (SMH) and z ⋆ ≃ 14.98 (LMH), respectively (compare these to the halo formation redshifts of z = 20 (SMH) and z = 15 (LMH)). We include the converted periods for the case of a 10 5 M ⊙ DS in the tables, as well. The shortest periods to be expected in the observer's frame are given by the 1000 GeV case, amounting to less than about 50 days, for modes with n > 6.
Work is in progress to study the pulsations of these objects in more detail. In particular, we defer the question of possible driving mechanisms for the pulsations to a future paper. Preliminary results suggest that the traditional κ − γ mechanism could operate in these stars (see, e.g., Unno et al. 1989) . A further source of driving could come from the dark matter itself. As the DS undergoes small perturbations, local changes in its baryonic density could lead to local changes in the dark matter density. This in turn would modulate the local dark matter heating rate. Depending on the size and relative phasing of these effects, this could be a source of driving for the pulsations. Of course, a much more quantitative approach is needed to assess the viability of this mechanism. We will study this and other possibilities in future work. LMH: m χ =1000 GeV n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 Fig. 11 .-Radial, adiabatic pulsation periods as a function of DS mass for models with mχ = 10, 100, 1000 GeV (top, middle, bottom row ). Halo environments are indicated in the legends of the plots. The curves are for different overtone number, from n = 1 (upper-most curve; the fundamental radial oscillation) to the highest overtone number in the respective plots (lower-most curve; the dots for n = 9 lie close to the ones for n = 8 in the bottom panel). The sharp feature at ∼ 100M ⊙ is an artifact of the onset of superadiabaticity in the envelope and its suppression by the MLT++ formalism, as discussed in the text.
CONCLUSIONS
The bulk of this paper has been devoted to studying the properties of dark stars using MESA, a fully-fledged 1D stellar evolution code which allows us to solve the stellar structure equations self-consistently, without any a priori assumptions on the equation of state, or other stellar characteristics. We were quite surprised how well the previous results using polytropes match the more accurate results using MESA. We have seen that supermassive DSs are extended, fluffy and cool objects, and in contrast to 'normal' stars on the red giant branch, their low-density 'envelopes' do not host an ultra-dense core. In fact, as we found, supermassive DSs can be very well approximated by (n=3)-polytropes, so their ratio of central to average density is not much different from a factor of about 54.
However, there are some differences between the results of MESA and previous polytropic models in the details, with positive implications for observability of dark stars. We found that, in the mass range of 10 4 − 10 5 M ⊙ , our DSs are hotter by a factor of 1.5 than those in Freese et al. (2010) , are smaller in radius by a factor of 0.6, denser by a factor of 3 -4, and more luminous by a factor of 2. This increased luminosity should of course help in searches for dark stars using the James Webb Space Telescope (see Zackrisson et al. (2010a,b) ).
We also performed a first study of dark star pulsations. While g-modes are excluded by the presence of convection in these models, radial and p-modes are permitted. We find that models of these stars pulsate on timescales which range from less than a day to more than two years in their rest frames, at a redshift of about 15, depending on the DM particle mass and overtone number. The pulsation periods are significantly shorter for modes with high overtone number. In general, periods are also significantly shorter for higher DM mass: converting to the observer's frame, we find that the shortest periods are less than about 50 days, in the 1000 GeV case for modes with n > 6.
Work is in progress to study pulsations in more detail, including the novel idea of dark-matter driven pulsations. As the DS undergoes small perturbations, changes in the local baryonic density could lead to changes in the local dark matter density, in turn modulating the local dark matter heating rate. Depending on the size and relative phasing of these effects, this could be a source of driving for the pulsations; a much more quantitative approach is needed to assess the viability of this mechanism. We will study this and other possibilities in future work. DS pulsations could someday be used to identify bright, cool objects uniquely as dark stars. If the pulsations are detectable, then dark stars could, in principle, also provide novel standard candles for cosmological studies.
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